In this work we propose an approximate numerical method for pricing of options for the constant elasticity of variance (CEV) diffusion model. We prove firstly the existence and uniqueness of the solution in weighted Sobolev space, and then we propose the finite element method and finite difference method to solve the considered problem. Therefore, we compare the obtained results by the two approaches, with those given by the Monte Carlo method in Broadie-Kaya [6], using two simulation techniques : the exact method and the Euler discretization. A comparative numerical study is done using some values of the coefficient of elasticity.
Introduction
It is a worth to mention that the relationship between asset price and its volatility has taken a great attention in financial research for many years. This concordance leads to the same behavior of asset price and its volatility. The Black & Scholes formula [5] who considered the volatility as a constant. It's clear that such assumption does not reflect the reality of the market. Empirical studies show that volatility is random and depends on the time, where the modeling of options is made by a system of stochastic differential equations (SDE), one for the underlying and the other for its volatility, taking into account the correlation coefficient between the two noise sources. HullWhite [17] , Stein & Stein [22] , Heston [15] proposed analytical solvable models that have stochastic volatility. In Aboulaich et al [1] , authors studied the general extension of this model considering jumps. The constant elasticity of variance model (CEV) is another extension of the stochastic volatility diffusion model. It can estimate the change in asset prices in continuous time. Cox and Ross [7] introduced these models to the dynamics of the underlying to explain the empirical bias exhibited by the option pricing model of Black-ScholesMerton. Beckers [4] , Macbeth and Merville [20] and Emanuel and MacBeth [9] have proposed theoretical and empirical tools for the use of the CEV model. Xiao et al [23] and Gao ([12, 13] ) considered the CEV model for optimal portfolio choice and reinsurance-investment. Ekstion Tysk [8] considers a CEV model for volatility. By against Hsu, Lin and Lee [16] considered the CEV model for the valuation of options. The rest of this paper is organized as follows : §2 introduces the CEV model dynamics and Pricing problem. In §3 we introduce a weighted Sobolev space and we describe the change of variables and unknown that we will use in the variational formulation. §4 is devoted to the proof of the existence and uniqueness of the solution of the PDE in a weighted Sobolev space (for the constant of elasticity γ > 3/2). The §5 is dedicated to the use of the finite elements method and finite difference method for the pricing of the european option. Broadie and Kaya [6] have performed exact and approximate resolution of the SDE for the evaluation of the European call under the stock index S&P 500 by the Monte Carlo method. We propose to use the finite elements method and the finite difference method in order to improve the convergence of the RMS error. In §6 we compare the obtained results by the two methods: the execution time and the RMS error for different values of γ. The last section compares results and provides concluding remarks.
Presentation of the model
We consider the system of stochastic differential equations (SDE) following :
where µS t is the drift term, σ t is the volatility, ησ γ t is the volatility of volatility term, p, η and γ are positive constants, ρ is the correlation factor between the two Broweniens motions W t and W t ( W t , W t = ρ). Under the assumptions on the functions f (s, σ) = sσ and g(σ) = σ γ , the system (1) of SDE admits a unique solution, see [10] , [21] . We consider an european derivative on S t , denoted by V (t, S t , σ t ) with expiration date T and payoff function h(S T ). Its price at the time t will depend on t, on the price of the underlying asset S t , and on σ t . By using the no arbitrage principle and the two dimensional Itô's formula, and Faynman-Kac's theorem, there exists a function λ such that the value function V is a solution of the following partial differential equation (see [10] , [2] ) :
In the following, we will study this problem introducing a suitable weighted Sobolev space.
variational analysis
We consider the weighted Sobolev space Ξ :
This space equiped with the norm
, is a Hilbert, separable, reflexive space, and is dense in
Multiplying the PDE in (2) with a test function v, we obtain the associated variational formulation, with u(t, s, σ) = V (T − t, s, σ) :
using the Green's formula and the Dirichlet boundary conditions, we obtain :
Main Result
Using a theorem due to J.L.Lions [18] , we establish the existence and uniqueness of the solution of the problem (4).
, the Variational problem (4) admits a unique solution in Ξ.
Proof We will show the continuity and coercivity of the bilinear form a(., .)
• For continuity, we use the Cauchy-Schwartz's inequality with ρ < 1.
• For the coercivity, also we use the Cauchy-Schwarz's inequality with ρ > −1, as the Poincare's inequality and Young's inequality, see [1] .
Continuity
We show in a first step the continuity of the bilinear form a, we have :
We use the Cauchy-Schwartz inequality, and ρ < 1. Therefore,
What implies that :
hence the bilinear form a is continuous.
Coercivity
For the coercivity, we use Cauchy-Schwartz inequality, and ρ > −1, we have :
then, 
We use the fact that |u| i ≤ u ∀i ∈ {1, 2} , the Poincar inequality |u| 3 ≤ c (U ) |u| 2 , we obtain :
So, it exists two positives constants C = α 2 and c (large enough), such as :
For more details we refer the reader to [1] 
Numerical Resolution
With the growing complexity of models and derivatives, methods Digital associated with assessing financial options became an important field of research over the last decade. In this section, we will discuss two of the main techniques used for pricing options and to test them, we will implement a European Call using the associated PDE (2) to the CEV model (1). We will present the results of the simulations given by finite elements and finite difference methods using respectively Freefem++ and Matlab softwares.
The simulation experiments in the next sections of the paper were performed on a Sony Vaio Laptop with an intel (R) pentium (R) CPU P6100@ 2.00 GHZ processor and 4 Go of RAM, running Windows 7 (64 bits). We use a European call for the S&P 500 stock index whose the true value is equal to 6.8061 for this purpose. The parameters used in our numerical experiments are K = 100, p = 6.21, θ = 0.019, ρ = −0.79, λ = 0.11, η = 0.61, r = 3.19%, T = 1 years
Finite Elements Discretization :
In this section we will solve the variational problem for the pricing of an european option using finite elements method, and explicit Euler method. We solve the problem (4) on a bounded domain Ω = (S min , S max ) × (σ min , σ max ), where (σ min , σ max ) does not contain zero (see [3] ). The variational problem is then
Where a(u, v) is given by (5) . The resolution of this problem using FreeFem++ with P 1 finite element, provides the following numerical results.
Numerical Results
We compare the results given by CEV model using the finite elements method for different values of γ > 3/2 described above, with those obtained by BroadieKaya [6] using the Monte Carlo method for γ = 1/2. We can conclude that this method is more efficient than the Monte Carlo method used by Broadie and Kaya [6] in terms of RMS error and in terms of execution time: It leads to a minimum error of about 1.47319 10 −5 in the execution time equal 40.112 (s), which represents 4.130 % of the total time for the simulation with the Euler method and 4.192 % for the simulation with the exact method.
Finite Difference Method
The finite difference method is based on discretization, with a regular grid of operators of derivation.
Discretization of the PDE
In the following we describe the spatial and time discretizations of the following equation using finite difference method
We introduce a partition on bounded domains
The approximate value of V at point (i, j, k) issued from Euler's implicit scheme is given by :
with the initial condition
with the boundary conditions :
Then we can rewrite the system in matrix form
with A is a block tridiagonal matrix of the order I J :
Numerical results
In this section, we outline the obtained numerical results using finite difference method implemented in Matlab for different values of γ > 3/2. We compare them with those obtained by Broadie-Kaya [6] using the Monte Carlo method for γ = 1/2. We note also that this method is more efficient than the Monte Carlo method used by Broadie and Kaya [6] in terms of RMS errors and execution time. These tests confirmed that the finite difference method is faster than the Monte Carlo method for different values of γ.
Comparison
In this section we compare the results obtained by the two methods : the execution time and the RMS error for different values of γ. Comparing the execution time for the two methods, we see in the Figure 1 , that the finite difference method is fast than finite elements method for different value of the constant of elasticity γ.
Execution Time

RMS error
The Figure 2 shows that the finite elements method is more accurate than the finite difference method following the different values of γ. 
Conclusion
The aim of this paper, is the pricing of the European option, for diffusion with stochastic volatility, where the volatility follows a CEV model. We proved the existence and uniqueness of the solution of the PDE in a weighted Sobolev spaces(for the constant of elasticity γ > 3/2). A comparative numerical study was made between the finite elements method and the finite difference method for some values of the coefficient of elasticity γ. This comparison showed that the finite elements method is more accurate than the finite difference method in terms of RMS error, however in terms of time the latter method is less expensive than the first. The comparison with Monte Carlo Method used by Brody-kaya [6] for γ = 1/2 permits to conclude that the two approaches are faster, accurate for different value of γ. They are closer to the true market value of the European option exercised under the stock index S&P 500 on november 2, 1993.
